Real Analysis Qual, Fall 2021
Problem 1. Let {z,};°, be a sequence of real numbers such that z; > 0 and

_ T, +1
:L‘n+1=1—(2+£(7n) 121} +2

Prove that the sequence {z,}°, converges, and find its limit.

Proof. We first show the sequence is bounded for n > 2. First, we prove that x,, > 0 for all

n. At xq, this holds. Suppose it holds at n. Then, x, 1 = x"il Since z,, > 0, then this is a

nonnegative fraction, so x,.1 = 0. Thus, z, > 0 for all n. Hence, for all n > 2, we have
Tp—1+ 1 < Tp—1+ 2

Tp—1+ 2 Tp-1+ 2

Consider the equation 22 + z — 1. By the quadratic formula, this has two roots of the form
(£v5 —1)/2. Set L = (/5 —1)/2. Observe that

L+1

L+2

So, L is a fixed point of (z 4+ 1)/(z + 2). Note also that L (z + 1)/(z +2) = (m+1 31y, Which
is positive for all x > 0. Therefore, (x + 1)/(z + 2) is increasing in x. Observe also that
2%+ —1 is concave up, so the function is negative on the interval [(—v/5—1)/2, (v/5—1)/2].

Suppose first that x, < L. Then, by the concavity of x? + z — 1, we have 22 + x, — 1 < 0.
Therefore,

I’?4+2L - L —-1=0 — L=

22 421, —x, — 1 =2,(v, +2) — (v, +1) 0.

After some rearrangement, we obtain z, < 45 = z,,,. Moreover, since (z + 1)/(z + 2)
increases monotonically in z, then

T, +1 < L+1

T,+2 L+2

So, if z,, < L for some n, then (z,,) increases monotonically on [0, L], and is bounded above
by L. So, by Monotone Convergence Theorem (z,,) converges.

On the other hand, suppose x,, > L for some n. Then, again by the concavity of 22 +x—1,
we obtain

Lptl =

9 Tn +1
o, +r—120 = z, > = Tnt1-
Moreover, since x,, > L, since (x + 1)/(x + 2) increases in =, then
T, + 1 >L+1_
Tn+17 L4+2

So, if z,, > L for some n, then (z,,) decreases monotonically on the interval [z1, L]. So, again,
it is convergent by the Monotone Convergence Theorem. Finally, we have
rp,+1 limz,+1 c+1
Th+2 limz,+2 c¢+2

c=limz, =limx,,; = lim

So, ¢(c+2) = ¢+ 1 implying ¢ + ¢ —1 = 0. Since z,, is nonnegative for all n, we have ¢ > 0.
Therefore, ¢ is the positive root of 22 + x — 1, and this is L. O
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Problem 2.
(a) Let FF C R be closed, and define

Or(y) = inf |z —y].

For y ¢ F, show that
2

r—y|?dx < )
/F| y| or(y)

(b) Let FF C R be a closed set whose complement has finite measure. Define the function

I(x) = Or(y) dy

B R‘f_?/‘Q .

Prove that I(x) = oo if © ¢ F, however I(z) < oo for almost every x € F.
Hint: Investigate [, 1(x)dx.

Proof. We prove (a). Note that dg(y) > 0, otherwise we have y € F. Observe that F' N
(y,00) C (y + dp(y), 00). Therefore,

1 00 1
/ ——dr < / T d.
PR (y)+u.00) 1T — Yl yrér@) 12— Y

Substituting z = x — y, we observe that the new bounds of integration are (0z(y),c0). So,

we have . . .
[ o PR
Fn(y,00) ’Q? - y’ Sr(y) < <

Likewise, F'N (—o00,y) C (—o0,y — d0r(y)). So,

1 y—0(y) 1
[ e[
FN(—o0,y) |l’ - y| —0o0 |l‘ - y|

Again, we perform the substitution z = z — y to obtain

1 —0(y) q 1]
[ L PR
FN(—o0,y) |[L’ - y| —0o0 z z
Therefore,

1 1 1 2
/—de:/ —de—i-/ T dr < ~
F |[E - y| FN(y,00) |‘T - y| FN(—o0,y) |J: - y| 5F<y>

We now prove (b). Observe that I(z) is nonnegative. Moreover, the infimum over a
set, and |x — y|™? are measurable functions, so I(z), as the integral of their product, is a
measurable function. Then, we may apply Tonelli’s

LI(m)dsz/|jlfz>|2dydx
2

*° 1
57 (y) 5F(y) '




//F Or (y)| da dy

// Y dy +// W)y,
|z =yl FJrlz—yl|
Note that for y € F', we have dp(y) = 0. Thus,

[ [ grays [ [ 2 gy [ [ dd%/mfwdxdy
- e

By (a), for each y, we have
// |z — y!2

By assumption, 2u(F°) is finite. So, [, I(z)dx is finite, and thus I(x) # co almost every-
where on F'. Therefore, almost every x € F satlsﬁes I(z ) < 00.

On the other hand, say that x ¢ F. Then, since F' is closed, there is some € such that
(x — e,z +¢€) C F°. We may further choose € so that x — ¢,z + ¢ € F°. We have

5 y 5 y T+€ 5 y
I(x) = F_()Qdy=/ F_<)2dy>/ F_()Qdy
[z —yl Fe |z =yl o—e 1T =Yl

Now, since © — €,x + € € F° they have some minimal distance from F', say a, so that
dr(y) = a for all y € (x — €, x + €). Therefore,

xr+e€ 5 xT+e€
/ F(?J)2 dy > / a : dy.
T—€ ‘(L’ - yl T—e€ |.I' - y|

Finally, substitute z = y — z. Then,

x+e €
a a
——dy = —dz.
/:1:6 |ZZ' - y|2 v /6 22

Now, [;1/2%dz = co. Therefore, I(x) = co when = € F. O

//\

/F r(y) 5F2(y> dy
= 2u(F°).

Problem 3. Recall that a set £ C R? is measurable if for every € > 0 there is an open set
U C R such that m*(U\E) < e.

(a) Prove that if E is measurable, then for all ¢ > 0 there exists an elementary set F
such that m(EAF) < e. Here m(F) denotes the Lebesgue measure of E, a set F' is
called elementary if it is a finite union of rectangles, and EAF denotes the symmetric
difference of E and F.



(b) Let £ C R be a measurable set such that 0 < m(E) < co. Use part (a) to show that

lim [ sin(nt)dt = 0.

n—oo E

As stated, part (a) is false. One possible alteration is to do the proof requiring m(E) < oo.
So, we will make this assumption.

Proof. We prove (a). Take E measurable such that m(F) < oo. Let V be the volume
function on the collection of closed-open rectangles. Then, there is some collection (R,,)%°_,
of closed-open rectangles such that £ C |J)-_, R, and

m(E) < f: V(R,) <m(F)+¢€/2.

Now, set A = |J,°_; R» and note that m(A) < > °  V(R,,). Since A, E have finite

measure, and m(E) < m(A) < m(E) + ¢/2, then m(A\E) < ¢/2. Define F,, = J _; Rin.
Then,

m(EAF,) = m((E\F,) U (F,\E)) < m(E\F,) + m(F,\E) < m(E\F,) + m(A\E).

Observe that E\F, = E\(E N FE,). Moreover, ENF, < ENF,; and E C |J°_, Rp.
Therefore, m(E) = limm(ENF,). Choose n large enough such that m(E)—m(ENE,) < €/2.
Then, again applying finiteness, we have m(E\F,,) = m(E\E N F,) < ¢/2. Hence,

m(EAF,) < m(E\F,) + m(A\E) < e.
So, the result is proven.
We move on to (b). We first show that for an interval (a, b), we have
b

lim [ sin(nt)dt=0.

n—o0 a

We consider the integral over one full period of sin(nt). The period of sin(nt) has length
27 /n. By translation invariance, we may compute the integral on the interval [0, 27 /n]. We

have )
27 /n _
/ sin(nt) dt = — cos(nt)
0 n

2n/n _ —cos(2m) 4 cos(0) 0
0 - n o

For a fixed n, sin(nt) completes at most | (b — a)/(2)]| = | 2222 | periods over (a,b). The

n 2m
endpoints a, b may interrupt a part of a period of sin(nt), so we can guarantee that sin(nt)

comples at least L%J — 2 full periods on (a,b). Thus, there is subinterval I,, of (a,b) with

length
]

such that [, sin(nt)dt = 0, since sin(nt) has an integral of 0 over each period. Placing
bounds on the floor function, we have

(o) (o) o ()
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The left hand side is b — a — 67”, and the right hand side is b — a — 47”. Therefore, taking
n — oo, the length of I,, grows to b — a. So,

b
/ -1 dt~|—/ sin(nt) dt </ sin(nt) dt g/ 1dt+/ sin(nt) dt.
(a;)\In I a (a,b)\In In

Choosing n large enough so that m((a,b)\I,,) < €, we then have —e < fab sin(nt) dt < e.
Thus, lim [ sin(nt) dt = 0.

Consider now a measurable set E such that m(E) < co. By (a), there is a finite collection
of rectangles Ji, ..., J,, such that m(EAJ], Jx) < €/2. This requires in particular that

m(E\U,—, Jx) < €/2. Set B =J,—, Ji, and set A = E\B. Then,
/Sin(nt) dt‘.
B

/sin(nt) dt‘ = /sin(nt)dt+/sin(nt}dt </1dt+
E A B A

We may make the assumption that the intervals J; are disjoint, so

/B sin(nt) dt’ <3 /J sin(nt) dt‘.

k=1
Define Ny so that | fJ sin(nt) dt| < e/m for all n > Nj. This is possible by our argument on
intervals above. Set N = max{Ny,..., N,,}. Therefore, for all n > N,

/ sin(nt) dt‘ < Z
B =1

k

/ sin(nt) dt’ €/2.

Jk

So, for all n > N, we obtain

/ sin(nt)dt’ < / Ldt + / sin(nt) dt‘ <m(A)+e/2 = c.
E A B

Thus, lim [, sin(nt) dt = 0. O

Problem 4. Let f be a measurable function on R. Show that the graph of f has measure
zero in R2.

Proof. Let T'y = {(x, f(x)) € R? : x € R}. We first show that I'; is a measurable set. Define
h(z,y) = f(x) —y. This is a difference of measurable functions, and thus measurable. Now,
if h(x,y) = 0, then f(z)—y =0, and so y = f(z). Moreover, h~1({0}) = {(x, f(z)) : z € R}.
So, I' is measurable.

Observe now that Ir, is a nonnegative measurable function. Therefore, by Tonelli’s

Theorem,
mg(Ff)—/ ]lpfdmg—//]lpf(x,y)dydx.
R2 R JR

Since f is a function, then for each z, there is only one y such that y = f(x). So, for z fixed,
we have 1r,(z,y) = L{w);(y), an a.e. zero function. Hence,

//Ilpfxy dydx—//ﬂ{f(x dydx—/Od:B—O

Therefore, my(I'y) = 0. O



Problem 5. Consider the Hilbert space H = L*([0, 1]).

(a) Prove that if £ C H is closed and convex then E contains an element of smallest norm.
Hint: Show that if || fu|l2 — inf{f € E : ||f||2} then {fn} is a Cauchy sequence.

(b) Construct a non-empty closed £ C H which does not contain an element of smallest
norm.

Proof. We prove (a). Set a = inf{f € E : ||f||2}. Applying the Parallelogram Law, we have
[1fo + Fnl 2 = 20 fallz + 201 fnllz = 1fr = finl 13-
By convexity, 1 f, — 3fm € E. Hence ||3 f, — 3 fmll2 = . So, ||fn — full3 > 4a*. We have

20|fallz + 201 fmll3 = [1fo = Fanllz < 20 fallz + 211 fin][5 — 40* = mosec 0.

So, | fn — fmllz = nm—oo 0. Therefore, the sequence is Cauchy. Since H is Hilbert, then it
is complete, so f,, — f in H. Since F is closed, then f € E. By continuity of the norm, we

have av = lim || f||2 = || f||. Therefore, f € E has a minimal norm.
Define
Jn= ]1[4 ;](n +1).
n+l’n

Set F' = {f,}>2,, and note that

! n % 12 1
| ih@rar= [T 1= oy - b1l

1
n+1
Hence, there is no minimal element in E. Moreover, each f, has disjoint support. So,

1 fo+ fnllz = [1fall3 + [ fml 3 > 2.

Therefore, there is no sequence ( f,,, )72, which is Cauchy. Thus, E has no limit points, so it
is vacuously true that E contains all its limit points, and thus E' is closed. O]



