Real Analysis Qual, Fall 2025

Problem 1. Let f be an R-valued measurable function on [0,1]. Put A = f~!(Z), and for
n €N, f,(z) = [cos(mf(x))]*". Show that A is measurable, and that

lim fu(z) dz = m(A).

n—o0 0

Proof. First, the singletons {n} for n € Z are measurable. So, Z = J,,.,{n} is a countable

union of measurable sets, and hence measurable. Since f is a measurable function, then
f~YZ) = Ais measurable. Set E = {x € [0,1] : | cos(w f(2))| < 1}, so that E¢ = {x € [0,1] :
|cos(mf(x))| = 1}. Observe that

Lp(x) cos(r f(x))™" = Lp(x)| cos( f(x))|*"

converges pointwise to 0, since if x € FE°¢ then the above function is 0, and otherwise
| cos(mf(x))| < 1, so that |cos(mf(x))*® — 0. Moreover, |cos(mf(z))] < 1 over all [0, 1].
Therefore, by DCT,

lim /01 1g(2)fo(z)de = lim /01 1p(z) cos(mf(z))* do = /01 0dx = 0.

Hence,

1 1 1 1
lim/ fodx = lim/ 1pf,dz + lim/ Lgef,de = lim/ 1ge(x)| cos(mf(x))]*" da.
0 0 0 0

Over E¢, |cos(mf(x))| = 1. So,

1 1 1
lim/ 1ge(x)| cos(mf(x))|*" do = lim/ 1geda :/ 1ge da.
0 0 0

Finally, we observe that |cos(mf(z))| = 1 if and only if f(z) is an integer. Therefore,
Ec={xe€0,1]: f(z) € Z} = A. So,

1 1 1 1 1
lim/ fnd:c:hm/ ]lEfndx—l—lim/ ]lchndx:/ ]lEcdx:/ 14dz =m(A),
0 0 0 0

0

completing the proof. O
Problem 2. (Classic) For x # 0, define f(z) by the series

f(x) = Ze_”m.

(i) Let d > 0. Show that for x € (—o0, —d) U (d, 00) the series converges uniformly, and
f(z) is uniformly continuous.

(ii) Show that for € (—o0,0) U (0, 00) the series is not uniformly convergent, and f(x) is
not uniformly continuous.



Proof. Define sy(z) = SN o e "l We show that for every e there is some M such that for

n=

all N > M and for all z satistying |z] € (d,00), we have |f(z) — sy(z)| < €

[ee]

(@) = sw(@)| = f(x) — sw(x) = 3 el

n=N

Observe that e™#l < e7 given that d < |z|. Therefore,

Z e el < Z e = Z(e’d)”.
n=N n=N n=N
Since e > 1 for all d > 0, then e™@ < 1, and so > - (e7%)" is a convergent power series
of nonnegative terms. Therefore, choose M large enough that for all N > M, we have
o2 v(e7)™ < e. Then, for all N > M, and for all z with |z| € (d, 00), we obtain |f(z) —
sn(x)| < e. Therefore, sy — f uniformly.
Observe that for all |z| > d/2, we have e~I#l < 1.

[e.o] o0

—n|xT —|T|\n 1
Ze I\:Z(el\) =T

n=0 n=0

So, f(x) is a continuous on all R\[—d/2, d/2]. Moreover, lim;_, f(z) = 1, and since —e~12!
increases monotonically as |z| — oo, then f(x) decreases monotonically in |z|. Hence, choose
N so large that for all z with |x| > N, we have 1 < f(x) < 14¢€/3. Observe moreover that f is
continuous on the compact set A = [—N, —d]U[d, N], and hence uniformly continuous on this
set. Choose d small enough that for all z,y € A with |z —y| <, we have |f(z)— f(y)| < €/3.
We claim now that for all x,y with |z|, |y| > d, that |f(z) — f(y)| <e. If z,y € A, we have
already shown this holds. If x,y € A, then |z|,|y| > N, and so

1f(z) — f) < |f(x) =14+ |1 — fy)] < €e/3+¢/3 <e

Finally, suppose that =z € A and y ¢ A are such that |z — y| < §. Suppose y > N, and note
the proof is identical if y < —N. Then, x < N <y, so |z — N| < §. Therefore,

[f(@) = fW) < |f(@) = FIN) [+ [F(N) = F(y)| < e/3+2€¢/3 <.

Therefore, f is uniformly continuous on (—oo, —d) U (d, c0).

Finally, we show that sy does not converge uniformly to f, and that f is not uniformly
continuous. For uniform convergence, note that since |z| > 0, e *l < 1. Therefore, the
following is a power series, so

—Nlz|
e

= —n|xT - x = —n|T €
@) = sw(@] =3 e =Y e = g

e - ~Nlz| .
As |z| =0, e7l*l e NPl — 1. Thus, £—= — oo as |x| — 0. Therefore, there is no N large

enough that |f(z) — sy(z)] < € for all . For uniform continuity, set x = h and y = 2h.

Choose h > 0. Since h < 2h, f(h) > f(2h). Therefore, by some algebraic manipulations,
e—h _ g—2h o—h
h) — f(2h)| = f(h) — f(2h) = = :
£6) = F2R] = 1) = F(2h) = = = o




Sending h — 0 has e — 1 and 1 — e 2" — 0. So, |f(h) — f(2h)| — oo. For any §, then
|h — 2h| = h < § eventually as h — 0. So, f is not uniformly continuous on R\{0}. O

Problem 3. Let f be a bounded real valued function on [a, b]. Assume that

sup{ ¢dm:¢issimp1e,¢<f}:inf{ gbdm:gbissimple,gb}f}.
[a,b]

[a,b]
Show that f is Lebesgue measurable.

Proof. Let the value of the inf/sup be a. By definition of supremum, take a sequence 1, of
simple functions with ¢, < f such that | fab tpdm — al < 1/n. By definition of infimum,

take a sequence ¢, of simple functions with ¢,, > f such that | fab ¢Ondm—al < 1/n. We may
enforce that the ¢,,, are monotonic by redefining ¢, to be the infimum of the previous
n simple functions, and 1, to be the supremum of the previous n simple functions. The
redefined ¢,, 1, are still simple functions with the property ¢, > f > v,. Moreover, if
¢;, was the original simple function before redefinition, then v < [/ ¢, dm < fab ¢! dm, so

| ff ¢ndm — af < 1/n still holds. An equivalent argument on v, holds as well.
We first claim that ¢,, — 1, converges in the L' norm to 0. Indeed

‘/|¢n—wn|dm‘=‘/¢n—¢ndm‘<‘/qsndm_a

On the other hand, set ¢ to be the pointwise limit of the ¢,, and let 1) be the pointwise limit
of the 1,. These pointwise limits exist, for ¢, (x) decreases monotonically and is bounded
below by f(z), and 1, (z) increases monotonically and is bounded above by f(z). Therefore,
¢n — Y, converges pointwise to ¢ — 1. Since ¢,, decreases monotonically and 1), increases
monotonically, then ¢, — 1, is a monotonically decreasing sequence, so in particular it
is bounded above by the integrable function ¢; — ¢;. Hence, by DCT and the fact that
o= f =1, we have

+

a—/wndm‘ < 2/n.

ozlim/¢n—¢ndm:/¢—¢dm:/\¢—¢|dm.

Therefore, ¢ = 1 almost everywhere. Since v < f < ¢, then f = ¢ almost everywhere.
Therefore, f is a Lebesgue measurable function up to redefinition on a null set, and hence a
Lebesgue measurable function. O]

Problem 4. Let f be Lebesgue integrable on (0,a), and let

g(x) = /a@dt.

Show that ¢ is measurable and integrable on (0, a), and

/Oag(x) de = /Oaf(:v) dz.



Proof. First, let R = {(z,t) € (0,a)? : t > z}, and note that R is a measurable set on (0, a)?.

Furthermore,
- / @ = /0 ﬂ(wm@ di = /0 ﬂa(m)@ dt.

Note that b(z,t) = % is a (0,a)? measurable function, since

-1
b H(A) = {(x,t) € (0,a)*: %t) € A} = ((@) (A)) x (0,a),
where (@)_1(14) is a measurable set in (0,a), since @ is a measurable function. Set

h(z,t) = L1gr(x,t)b(x,t). Then, h(z,t) is a product of measurable functions and hence mea-
surable. We claim that h(z,t) is Lebesgue integrable. So, by Tonelli’s Theorem,
/ 1gr(x,t)dxdt.

B f(t) (M@
/(07a)2|h(x,t)|dm2—/(07a)2 ]lR(q:,t)T‘de—/o =

a a t
/IlR(a:,t)d:c:/ L@dt:/ Ldt =t = |t].

0 0 0
/'|m%mmm:/
(0,a)? 0

So, h(z,t) is Lebesgue integrable, as claimed. Therefore, by Fubini’s Theorem,

Now,

Therefore,

—t)‘|t|dt:/0a|f(t)|dt<oo.

/Oahx(t)dt:/Oah(x,t)dt:/OaﬂR(x,w@dt:g(l.)

is a Lebesgue integrable function. Therefore, applying Fubini’s Theorem again, we have

[ s@ae= [ [ 1aan 1) g4, [ [ 1t W arar

Moreover, by the same argument as above,

/ / 1 )2 a4y dt/oa@/oah(x,t)dxdt:/Oaf@)dt.

Therefore, fo r)de = fo O
Problem 5. Let f € Ll(]R). Define

H%M;EA‘_HﬂwwwaﬂeRXQw)

r

Show that F is continuous in (z,r).



Proof. Let (zy,7,) converge to (xg,79) in R x (0,00). Set g, = L, —r, zntr]- We claim
that g, — go pointwise, except on the boundary points xg — rg, 2o + r9. Otherwise, suppose
that go(y) = 1. Then, |y — x¢| < ro. Choose € so that that |y — x¢| + € < ro. Note that
x, — xo and r, — ro. Therefore, pick N so that for all n > N we have |z¢g — z,,| < €/2 and
|10 — 1| < €/2. Then, |y — ,,| < |y — zo| + |20 — zn| < |y — 20| + €/2. On the other hand,
|1 — 10| < €/2, 80 T, > 19 — €/2. Since |y — x| + € < 1o, then |y —xo| +€/2 < rg—€/2 < 1.
Therefore, |y — x,| < rp, and so g,(y) = 1. So, if go(y) = 1, then g,(y) — 1. Now, suppose
that go(y) = 0. Then, |y — x| > 1. Choose € so that |y — x¢| > 19 + €. Pick N large enough
such that for all n > N we have |zg — z,,| < ¢/2 and |rg — 1| < €/2. Therefore,

Tt €/2<rogte<|y—mxo|—|xo— 0| +€/2 < ||y — 20| — |0 — 2W|| +€/2 < |y — 0| + €/2.

Subtracting ¢/2 from both sides, we have r, < |y — x,,|. Therefore, for all n > N, we have
gn(y) = 0. Since gy only outputs 0 or 1, we see that g, — go pointwise.
Observe moreover that 1/x is a continuous function on (0, c0). Therefore, 1/7, — 1/rq.

So,

. gn(y) 90(y)
m =—=f(y) = =——=f(y)
n To
for all y € R. Set a = infr,. Observe that a > 0, for if a = 0, then there is an infinite
sequence of r,, approaching 0. Since r, is a convergent series, then r,, — 0. But, r,, — 9 > 0,

hence we must have a > 0. Therefore, since g, is an indicator function,

] |10

Tn a

<

g”—@f(y)‘ =

Tn

Now, i f(y) is a constant multiple of a Lebesgue integrable function, and therefore Lebesgue

integrable. So, the sequence of functions gj—iy) f(y) has an integrable dominant. Therefore,
by DCT, we obtain

lim F(zy,,r,) = lim 1 /{wn-rnwnwn} fly)dy = lim/ gr;—(nwf(y) dy = / %jj)f@) dy.

Tn
Finally,
9oy 1
/ ! )f<y)dy=— f(y) dy = F(zo,70).
To To J{zo—ro,xo+ro]
Thus, F' is continuous on R x (0, 00). O
Problem 6.

(i) (Classic) For f € L(R), t € R, define 7;(f)(z) = f(x —t). Show that t — 7(f) is a

continuous map from R to L'(R).

(i) Let f € LY(R), and let g be a bounded measurable function. Show that h = f * g is
uniformly continuous, where f*g(y) = [, f(y — 2)g(x) dz.



Proof. Take f € L'(R). Let t, — to. First suppose that f is a compactly supported
continuous function. Define f,(z) = f(x — t,), and observe that by continuity we have
fn — f pointwise. Hence, |f — f,| — 0 pointwise. Say that f is compactly supported on
[—N, N]. Since t,, — tg, then the ¢, are contained in some set [—M, M]. Hence, if f,(z) # 0,
then
] = M <z = [to] < |[ltn] = [2]] < |z —ta] <N

So, x € [-N — M, M + NJ, and thus the f, are all supported on the common compact set
[—M — N, M+ N] = A. Since |f| is a continuous function supported on a compact set, then
it has some upper bound C'. Since the |f,| are shifted versions of | f|, then |f,| < C for all n.
Since supp f, C A, then C1l4 bounds f, for all n. Moreover, C'l 4 is an integrable function,
given that A is a bounded set. It follows that | f — f,,| is bounded by the integrable dominant
2C1,4. By DCT,

lim |73, f — 73, /]2 = nm/ o — f]dz = 0.

So, 7(f) is continuous in ¢, and hence a continuous map from R to L'(R) over compactly
supported continuous functions.

Now, suppose that f is an arbitrary L*(R) function. Compactly supported continuous
functions are dense in L'(R), so there is some g such that ||f — g||; < e. Observe that, by
invariance of the Lebesgue measure under shifts, we have ||7.(f) — 7(g)||1 < €. Once again,
let t, — to. Then,

lim ||7, (f) = 7 (Ol < lim |7, (f) = 72, (911 + 7. (9) = 70 (@)1 + 70 (9) — 720 (N1
< 26+ lim |7, (9) — 70 (9)[ 1
= 2e.

Since this holds for all €, then lim ||7,(f) — 7,(f)|l1 = 0. Hence, 7, (f) — 7, (f) in the
L' norm for an arbitrary convergent sequence (t,), so 7(f) : R — L'(R) is a continuous
function, proving (i).

Take f € L'(R), and suppose that g is a measurable function bounded by M. Then,

9o = Fro) = | [ 1o = 2otz [ 1ty = 2190:) 0
< [15e=2) = Sty -2z} 0=
<M [ 15 =2) - fy -9 de
We make the substitution ¢ = x — 2, obtaining

M/\f(x—Z)—f(y—Z)\dZZM/!f(t)—f(y—iv+t)|dt=MHTo(f)—Tyx(f)Hl-

By continuity of the shift operator, there is some ¢ such that if |¢t| < ¢, then ||7o(f)—7(f)||1 <
e/M. Hence, for all z,y satisfying |z — y| < J, we have

|fxg(x) = f*g(y)| < M|[1o(f) — ()1 <e

Therefore, f * g is uniformly continuous, proving (ii). O]




