Real Analysis Qual, Spring 2020

Problem 1. Prove that if f : [0,1] — R is continuous then

1

lim [ ka®'f(2)dz = f(1).

k—o00 0

Proof. First, for 0 < z < 1, we claim kz*~! — 0 pointwise. If z = 0, then the claim is
obvious. Otherwise, z7*+! tends to infinity in k. Therefore, by L’'Hopital’s Rule, we have

li k—1 — 1 — 1 _
dim ket = i Sy = im0

Moreover, kz*~! is monotone. So, on the interval [0, a] for a < 1, kz*~! is bounded by ka*~!.
Therefore, kz*~! — 0 uniformly on [0, a].

Now, f is a continuous function on the compact interval [0, 1], and so f is bounded by
some constant M. Then, for all a € [0, 1),

/kxk_l(—M)dxé/ k:xk_lf(x)dxg/ ka1 M dz.
0 0

0

Since kz*~! — 0 uniformly on [0, a], we obtain lim foa kx*=1 f(z)dx = 0 for each a. So, for
all a € [0,1), we have

1 1
lim/ ka1 f(2) do = lim/ ka1 f(2) da.
0 a

Define N, to be the lower bound of f(z) and M, to be the upper bound of f(z) over the
compact interval [a, 1]. Then,

1 1 1
N, —d'N, = / ka* 1N, dx < / ka1 f(z) da < / ka* M, dz = M, — a*M,.

a a

Since a® — 0, then taking k — oo, we have for all a € [0, 1),
1 1
N, < lim [ ka'f(x)de = lim [ ko 'f(z)de < M,.
k—o00 a k—o00 0
Finally, by continuity of f, as a — 1, we have N, — f(1) and M, — f(1). Therefore,

F <t [ () de < (L)

So, we obtain equality, as needed. n
Problem 2. Let m, denote the Lebesgue outer measure on R.

(a) Prove that for every 2 C R there exists a Borel set B containing £ with the property
that
ms(B) = m.(E).

1



(b) Prove that if £ C R has the property that m,(A) = m,(ANE)+m,(AN E°) for every
set A C R, then there exists a Borel set B C R such that £ = B\N with m,(N) = 0.

Proof. We begin with (a). By definition, if £ C R, then

= inf {Z V(I -, are open-closed intervals, £/ C U }

n=1

where V((a,b]) = b—a = m*(I ). From deﬁnition of infimum, there exists a sequence
(Lsk)) °, such that £ C |7, I{¥ and o ma(In )) < m.(E)+1/k. Define B, = J,—, 1.
Then, By is a countable union of open-closed intervals, and thus Borel. Set B = (,_, By
and note that B is Borel. For each k, we have B, O E, and so B D E. Moreover, for all k,
we have m,(E) < m.(B) < m.(By) < m.(F) + 1/k. Thus, m.(E) = m.(B) for B Borel.

For (b), take E as defined. By (a), we choose B such that B is Borel, £ C B, and
m.(E) = m.(B). Then, since E\B = (), we have

0 = m.(E\B) = m.((B\E) N E) + m.((B\E) N E) = m.(0) + m.(B N E) = m,(B N E°).

Moreover, B = (BNE)UJ(BNE®) = EU(BNE®). Taking N = BN E°, we have £ = B\N
with m.(N) = 0 for B a Borel set. O

Problem 3.

(a) Prove that if f € L'(R), then

lim |f(z)|dz =0

and demonstrate that it is not necessarily the case that f(x) — 0 as N — oc.

(b) Prove that if f € L'([1,00)) and decreasing, then lim, .., f(z) = 0 and in fact
lim, o0 zf(z) = 0.

(c) If f : [1,00) — [0,00) is decreasing with lim, ,, xf(z) = 0, does this ensure f €
L'([1,00))?

Proof. We start with (a). First, suppose f is a compactly supported continuous function.
Then, supp f is bounded, say by M. Therefore, for all |z| > M, we have f(z) = 0. So, for
all N > M, we obtain

der > dz = 0dzx = 0.
/|I>N\f(x)\ x>/|r|>M\f(x)\ r /WM .

lim |f(z)|dx = 0.

Therefore,



Now, say that f € L'(R). Continuous functions with compact support are dense in L!(R).
Let € > 0. Choose g to be a continuous function with compact support such that || f—g||; < e.
Then, take N large enough so that f|m|>N lg| dx = 0. We have

r)|de < z) — g(x)|dx z)|dz < r)—g(x)|dx < e.
[ elies [ o= golars [ alass [ 170 - gl <

So,
lim |f(z)|dz = 0.

Now, define fy = ZnN:1 Lign 2n41/2n. Then, fx — fo pointwise. Moreover, fx < fyi1,
so the fy are monotone. Finally, the fy are all nonnegative. Thus, by MCT, we have

00 N N
1 ) 1 ) .
1= g on = lim E o = lim E /1[2717271_;'_1/271] de = hm/fN dr = /foo dx.
n=1 n=1 n=1

Since |foo| = foo, then foo € LY(R). But, lim, .o foo(z) # 0, since for all n we have
fu2) =1

Now we prove (b). Say that f(z) is monotone in z. Say there is some zy € [1,00) such
that f(xo) < 0. Then, for all x > x, we have f(x) < f(x¢). Therefore,

/:o UOL / " Flao)dz = —oo.

So, [7|f|dz = oo, a contradiction. Thus, f(z) > 0 for all z. Therefore, f(z) decreases
monotonically in x and is bounded below, so lim f(z) = L for some L. Say that L > 0.
Then, there exist constants M, N such that for all z > N we have f(z) > M > 0. Then,

| l@lae= [ pwdez [Ty =,

again a contradiction. Thus, L = 0. Furthermore, fix x. Then,

; ft)dt > ; f(z)dt = f(x) zxf(flﬁ) _ gf@f) _ If(x)

2

Now, since the tail of the integral of an L' function goes to 0, then lim,_,o f;ﬂ f)dt=0.

Therefore, lim,_,., * 2(:”) =0, so lim, ,, xf(z) = 0.

Finally, we prove (c). Consider
1

1) = o T mE T 1
which is defined on all [1,00). Then, zf(z) = EITRETD

decreasing, since (x+1) In(z+1) increases monotonically on [1,00). Finally, the antiderivative
of f(x) on [1,00) is In(In(x + 1)). Since In(In(z + 1)) — 0o as x — oo, and In(In(2)) is a

constant, then
o= [ fwde= [ If@)]ds
1 1

So f(x) ¢ LY([1,00)). 0

— 200 0. Moreover, f(zx) is



Problem 4. Let f € L'(R) and g € L'(R). Argue that H(z,y) = f(y)g(x — y) defines a
function in L*(R?) and deduce from this that

fxglx /f dy

defines a function in L'(R) that satisfies

1 glle < [1£112llgl1-

Proof. Since f, g are measurable functions, and (z,y) — 2y is a continuous function, then
H(z,y) is a measurable function. By Tonelli’s Theorem, we obtain

[t iame= [ [ 1wt - v)aedy
=/|f(y)|/|g(x—y)|dxdy
= [ 15 [ lata)ldz dy
= ([1rwiar) ( [iatas).

Therefore, H(z,y) € L'(R?). Furthermore,

[ 15 5ata |dx—/‘/f ey dy] < [ [Vt -l ayar =il

So, f* g€ LYR), and

I <alle < il = [ Gl = ([ wlan) ([ latiae) =1Aklal

completing the proof. O

Problem 5. Compute the following limit and justify your calculations:

n IQ —n+1
lim (1 + —) dz.
n—oo Jq n

Proof. Recall that lim,, . (1 + £)" — e¥ pointwise. Likewise, 1 + %2 — 1 pointwise. Thus,
for x fixed we have

2\ —n+1 1»_2
lim ]l[o n) <1 + x_) = lim 1+_2TL = lim ;2 = 67w2.

Moreover, for each n, applying the Binomial Theorem and observing that x > 0, we have
the inequality

22\" "\ [22\" n\ (22\° n-—1 1
1+—| = ~—) = —) = t> ot
+5) =2 () G) = 6) () ="a= v
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Therefore,

$2

2\ 142 4(**7) 44 422

1+_ = gLn\ 4 < 4 .
(1+5) v v

n
Furthermore, on the interval [0, 1], since 1 + 2?/n > 1 for all z € [0, 1], we have

372 —n+1 1
()
WD)

(1 itz elo,1],
f@) = {& if 1€ (1,00,

Define

—n—+1

By our previous arguments, f(x) globally bounds (1 + %) . Moreover,

AmU@Wd$:Lfﬂ@dx+[meNM:iéndx+ﬁm4tjﬁd$<“L

So, (1 + w—i)_”“ has the integrable dominant f. Therefore, by DCT, we obtain

n 2\ —n+l 00
lim (1 + a:_) dr = / e dg = ﬁ,
0 0

n—00 n 3
given that fooo e~ dx is the standard Gaussian integral. O
Problem 6.
(a) Show that L%([0,1]) € L*(]0,1]) and that ¢(*(Z) C (*(Z).
(b) For f € L'([0,1]) define
foy = [ sy

Prove that if f € L*([0,1]) and {f(n)} C ¢*(Z), then

Swf(@) = 3 fmyermine

In|<N

converges uniformly on [0, 1] to a continuous function g that equals f almost every-
where.

Hint: One possible approach is to argue that if f € L*([0,1]) with {f(n)} € (1(Z), then
fe L([0.1]).

Proof. We begin with (a). Let f be an L?([0,1]) function. Then, by Holder’s Inequality, we
have

ATl < A1l IT]2 = 11f]]2 < oo



So, f € L'([0,1]). Now, say that (a,) € ¢*(Z). Since Z, N are both countable, we may simple
assume this series is indexed in N. Then, a,, — 0. So, pick N such that for all n > N, we
have |a,| < 1. Then, |a,|* < |a,|, so we obtain

N 00

0o N 00
Dl =3 lan? + > lanf? < 3 lanl + 3 laa] < oo
n=1 n=1 n=N n=1 n

=1

Therefore, (a,) € (*(Z).
We now prove (b). Take M > N. Then,

Iswf = Sacfli= | Y Fe | < 3 [ |fmear = 37 |f)l

N<|n|l<M N<|n|<M N<|n|<M

Since (f(n)) € ¢*(Z), then we conclude that Syf is Cauchy. Since L'([0,1]) is complete,
then Sy f converges to some g € L'([0,1]). Moreover, observe that |f(n)e 27| < |f(n)]
for all x. Then, since ) _, ]]?(n)| < 00, by the Weierstrass M-test, we have a uniform
convergence Sy f — g. Since each Sy f is continuous, then g is continuous. Now, since

Snf — g uniformly, then we may pass the limit through the integral. That is,

g(n) = /01 g(z)e ™" dg = lim /01 Sy f(x)e” ™ dz = lim /01 f(n) dz = f(n),

by the orthogonality of (e2™"*),cz) over L*([0,1]). Therefore, f and g have the same Fourier
coefficients. By uniqueness of fourier coefficients, we conclude that f = g a.e.. O]



