Real Analysis Qual, Spring 2021

Problem 1. Let (X, M, ) be a measure space, and let E,, € M be a measurable set for
n > 1. Let f, = xg, be the indicator function of the set F,. Prove that

(a) f, — 1 uniformly if and only if there exists N € N such that F,, = X for alln > N.

(b) fu(z) — 1 for almost every zx if and only if

m (ﬂ U(X\Ek)) = 0.

n>0k>n

Proof. We prove (a). First suppose that f, — 1 uniformly. Then, there is some N such that
for all n > N, we have |1 — xg, (z)| < 1/2 for all z. If there is some x such that ¢ F,,, then
|1 —xg,(z)|=|1—-0] =1 & 1/2. Therefore, we have E,, = X for all n > N. For the reverse
direction, suppose there is some n such that F,, = X for all n > N. Then, take ¢ > 0 to be
arbitrary. For all n > N, we have |1 — xg,(2)| = |1 — xx(z)| = 0 < e. So, f,, — 1 uniformly.

Now we prove (b). Suppose that f,(z) — 1 for a.e. z. Observe z € (1,5 U=, (X\Ek)
if for all n > 0, there exists some k > n, such that x € X\FE). In particular, for all n > 0,
there exists k& > 0 such that x ¢ Ej, so that fi(x) = 0. Therefore, fi(x) /4 1 as k — oo.
Thus, x belongs to the set of points A such that f,(x) /4 1. Since f,(z) — 1 for a.e. x, then

A has measure 0, so
u (ﬂ U(X\E:J) < u(4) =0,

n>0 k>n
as needed.

Suppose alternatively that (7,50 Ups, (X \Ex)) = 0. Consider the set of points A such
that f,(z) 4 1 as n — oo. Suppose that € A. Then, for all € > 0, there is no n > 0, such
that for all & > n we have |1 — f,(z)] < e. In particular, choosing ¢ = 1/2, for all n > 0,
there is some k& > n such that|l — fi(z)| > 1/2. Then, f,(z) # 1, so fi(z) = 0, and thus
x € X\FEg. So, for all n > 0, there is some k > n such that z € X\ Ey. So, for all n > 0,
we have z € |J,., X\Ey, and thus x € (), 55U, X\Ek. This is a 0 measure set, and it
contains A, so A is a 0 measure set. O]

Problem 2. (Classic) Calculate the limit

L= tim [ Sl
n—oo Jo 22 + cos(z/n)

Proof. Pointwise Ly cos(x/n) — 1, since x/n — 0 pointwise and cos(0) = 1. Therefore,
for all x > 0 we have .

lim 1. cos(z/n) _ .

n—oo g2 4 cos(z/n)  x?+1
Since 3/2 < m/2, then on the interval [0,3/2], cos(z/n) decreases monotonically for all n.
Moreover, since 3/2 < 3/2n for all n, then we have cos(3/2n) > cos(3/2) for all n. Thus, for

all n, on the interval [0,3/2],

1 1

cos(x/n)
= 22 + cos(x/n) S x? 4 cos(3/2)

x? + cos(z/n)
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Moreover, for all n we have cos(x/n) > —1. Therefore, for x € [3/2,00) we have

cos(x/n)
x? + cos(z/n)

1 1
< < :
2+ cos(z/n) ~ x?—1

Define

f(.%‘) — x2+cols(3/2)7 it r e [07 3/2]7
-, ifz € (3/2,00).

Note that |f| = f, and that, by the foregoing, we have

cos(x/n)
22 + cos(z/n)

< f(z)

for all x. Moreover, f is Lebesgue integrable on [0, oc]. Indeed,

/Ooo|f(:)s)|d:v: 03/2 (z) de + Oof(x)dm:/omwwjt/sm L

3/2 x? 4 cos o w2 —1

Both these integrals are finite, so f is Lebesgue integrable as claimed. Therefore, by DCT,
[ cos@/m) x:/“;dx
n—oo Jo 22 + cos(z/n) o x2+1
Now, observe that tan : [0,27) — [0, 00) is a diffeomorphism. So, we perform the substi-
tution z = tan(f). Note that dx = sec?(#) df. Therefore, since tan?(f) + 1 = sec?(f), we
have

n oo 1 2 1 27
lim __cosle/n) dz = / dz = / —————sec’(0) df = / 1dz = 2.
n—oo Jo a2 + cos(z/n) o r2+1 o tan®(0) +1 0

]

Problem 3. Let (X, M, 1) be a finite measure space. Let (f,)%%, C L' (X,pu) and f €
L' (X, p) such that f,(z) — x as n — oo for almost every x € X. Prove that for every ¢ > 0
there exists M > 0, and a set E C X, such that u(E) < € and |f,(x)| < M for all z € X\E
and n € N.

Proof. Define A,, = {x € X : 3n € N,|f.(x)] > m}. Observe that the A,, are monotone,
since if © € A,,1, there is some n such that |f,(x)] > m+ 1 > m, and so x € A,,. For
z € ()_, An, the sequence (f,(x)) does not converge, since for every M, there exists some
n such that |f,(z)| > M. Since f, converges pointwise a.e., then () *_, A,, must be a null
set. Since X is a finite measure space, and so Ay in particular is finite, then by continuity

from below
0=up <ﬂ Am> = lim u(A,,).
m=1

So, let € > 0 be arbitray. Pick M so that pu(Ay) < €. Then, for € X\ Ay, we must have
|f(z)| < M. Thus, Ay = E satisfies the requirements of our set, proving the claim. O
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Problem 4. (Classic Technique) Let f and g be Lebesgue Integrable on R. Let g, (z) =
g(x —n). Prove that

Tin (1] = gnlle = [[£11 + gl

Proof. We first suppose that f,g are continuous functions with compact support. Since
supp [, supp g compact, then they are bounded. So, say that supp f is supported on [N, N]|
and that supp g is supported on [—M, M]. Observe that if g,(z) # 0, then g(x —n) # 0, and
this happens if and only if t—n € [—M, M] which occurs if and only if z € [n— M, n+M]. So,
gn(x) is supported on [n— M, n+ M]|. Take n > N+ M. Then, [n—M,n+M]N[—N, N] = (),
and so f(z) # 0 if and only if g,(z) = 0, and vice versa. Therefore,

N n+M N n+M
/If—gnldrvz/ If—gn|d1’+/ If—gnlde/ |f|dx+/ lgn] da.
_N n—M —N n—M

Now, applying the change of coordinates y = x — n, we have

M
9] da.
M

/ " gl = [ 1mante = wlgta = mlde = [ 1euanlsw)ds = [

M _

/|f—9n|dx=/_]]VV|f|dfv+/_z|g|dx=/Ifldx+/|g|dw

for all n sufficiently large.

Now, take f, g to be arbitrary L' functions. Take ¢ > 0. Let ¢ be within ¢/4 of f, and
let ¢ be within €/4 of ¢ in the L'-norm. Then, choose n sufficiently large that ||¢ — v,|| =
l|é]]1 4 ||%]]1, which is possible by the above proof. Observe that using the proper change of
coordinates, we have ||g, — ¥n|| = ||g — ¥]]. So,

So,

‘Hf—gnll — ¢ = Uull] <If = gn = (@ = )l <[If = 9l + |lgn — ¥ull < e€/2.
We have

17 = gull = 1611 = l1l1| < |I1f = gall = Il = el

+ 116 = all = oIl = l1ll| = e/2.

So, for all n sufficiently large,

115 = gnl I = 1711~ lgll| < |11 = gull = gl1 = 1l + 1l + gl = 1711 Nl < e/2+¢/2 = e

completing the proof. O
Problem 5. Let f, € L*([0,1]) for n € N. Assume that
() [|fullz < n Y10 for all n € N, and

b fn is supported in the interval [27,2"*!] that is
(
1
k) = / F@)e R 4y — 0, for k ¢ [2, 27
0
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Prove that > °° | f,, converges in the Hilbert space L?([0,1]).

Proof. We prove that (f,,) is an orthogonal sequence. Say that m # n. Then,

00 )
fn7 fm _ Z 27rik:1:’ fm6—27rikx> < Z ane—27rik:(;|’2||fm6—27rikx”2‘
k=1 k=1

Observe that ||f,e 2™ || = | f,(k)|. Moreover, f,(k)fm(k) # 0 if and only if k € [27, 27+
and k € [2™, 2™ If m # n, then these two intervals are disjoint, and so

(fur fm) = ann | e TET 2 Y =Y k) fn(R) = Y0 =0,
=1 k=1 k=1

So, the f, are orthogonal as claimed. Therefore, by the Pythagorean Theorem

N
Z ||fn||2 Zn—102/100'
= n=k

N

>

n=k

Taking N — oo, we have

[e.9]

2
< anoz/loo < 00
2 n=k

For all k, this is a p-series, and thus convergent. Moreover, we have Y >° n — koo 0.
Therefore, Sy = Zivzl fn is a Cauchy sequence. Since Hilbert spaces are complete, then the
Sy converge. n

—102/100

Problem 6. Let f: R x R — R be a measurable function, and for z € R define the set

E,={yeR:-m{zeR: f(z,2z) = f(z,y)}) > 0}.

Show that

E = U{x}UEx

zeR

is a measurable subset of R x R.
Hint: Consider the measurable function h(z,y,z) = f(x,y) — f(z, 2).

There is some lore behind this problem. It is a known hard problem. It went unsolved
during the qual, and I do not know if a solution is known. I have not tried to solve it, and I
don’t think you should owrry about this question.



