Real Analysis Qual, Spring 2025

Problem 1. Let f be a continuous complex valued function on [0, 1]. Show that
[1f1lso = sup{|A| : A € C,m(f " (Be(N))) > 0, if e > 0}

Proof. Let A= {|\| : A € C,m(f~(B.()\))) > 0, if € > 0}. We first prove that if a € A, then
a < ||f||oo- So, take a € A. Then, a = || such that for all € > 0, we have m(f~1(B.()\))) > 0.
Recall that

[ flloe = sup{C' € R:m({x € R:[f(x)] > C}) > 0}.

Observe that
[HBN) = {2 € R: f(2) € B} = {2 € R:|f(x) — Al < e},
Given that [A| = |£(2)] < I\ = [f(2)]| < |f(&) = Al < e we have | £(z)| > ]A| €. So,
FHBN) = fe € R: [f(2) ~ A < ¢} C{z € R:|f(2)] > A - ).

Since f~!(B.(\)) has positive measure for all €, then {z € R : |f(z)| > |\| — €} has positive
measure for all e. Therefore a = |A| < || f]|oo-

Set B={C € R:m({x € R:|f(x)] > C}) > 0}). Observe that |f| is a continuous
function on a compact set, and hence it has a maximum value |f(x¢)] = M. We must have
sup B < M, for if C' > M, then there is no z such that |f(z)] > C. On the other hand,
we have M < sup B, since |f|7'((M — ¢,00)) is an open set containing zy. Hence, it is a
nonempty open set and thus must have positive measure. In particular, the set of elements
x satisfying | f(z)| > M — € is positive for all ¢, therefore M < sup B, forcing equality. Set
y = f(z0), and note that f~*(B.(y)) is an open set containing zy. So, it is a nonempty open
set and thus has positive measure. Therefore, for all ¢, m(f~!(B.(y))) > 0. It follows that
M = |y| < sup A. Therefore, || f||s = sup A. O

Problem 2. Show that Lebesgue measurable functions f,, defined on [a, b] converge in mea-
sure to f if and only if
I; b ’f n f |
im —

dx = 0.
n= J, 1+|fn_f|

Proof. First, observe that

d = 1 x B 1 -0
del+x 1+2 (1+2)2 (1+2)2

So, 17, increases monotonically. Now suppose that

lim ’ —|fn —/l
n—oo J, 1+|fn_f|

Say that f,, does not converge to f in measure. Then, for some ¢, there is some § and some
subsequence f,, such that m({z € R : |f(z) — fu, ()] > 6}) > € Set A, = {z € R:

dx = 0.



|f(z) — fn.| > 0}. Then, since
have

T, is monotonically increasing and 6 < |f,, — f| over Ay, we

b
e dr > [ e > dz > ,
/(lvl+|fnk_f’ v Ak1+|fnk_f| o Ak1+5 v 61—|—5

contradicting the original convergence.
Now, suppose that f, — f in measure. Define F' = {z € [a,b] : |f.(x) — f(x)| < €}.
Then,

/ab%dajzflﬂ%dﬂfﬂ%dx /edx—l—/cldx

Moreover,

/Eedx+/c1dx</ ede +m(E°) = (b—a)e+m{z e R: |fu(z) — f(x)] > €}).

By convergence in measure, m({z € R : |f,(z) — f(z)| > €}) — 0 as n — oco. Choose N
such that for all n > N we have m({x € R : |f,(z) — f(x)| > €}) < e. Then, we obtain for

n > N that ,
’fn_.ﬂ o
/¢1—1+’fn—f|<(b a+ 1e.

taking ¢ — 0 and n — oo gives the result.
O

Problem 3. Show that if f is Riemann integrable on [a,b], and f(z) = 0 for x € Q N [a, b]
then fabf(x) dz = 0.

Proof. Since f is Riemann integrable, then f; fdx = L(f,a,b]) =U(f,|a,b]), the lower and
upper Riemann integrals respectively. Take a partition P = {xg < ... < x,} of [a,b]. Then,
since [z;_1,2;] N Q # (), we have infl,, . f(2) <0. Hence,

n

L(f,P,la,b]) = Z inf f(x)(x; — 1) 20:0

[ZJ 1,25]
Hence, L(f,[a,b]) = supp L(f,P,[a,b]) < 0. Observe that supy, .1 f(z) = 0, since Q N
(-1, %] # 0. Therefore,

n n

U(f,P.fab]) = sup f(@)(z;—x;1) =) 0=0,

j=1 [zj—1,75] j=1

Since U(f,[a,b]) = infp U(f, P, [a,b]), then U(f, [a,b]) = 0.
Therefore,

0 < U(f, [0.h]) = / fdr = L(f.a.b]) < 0.

So, [ fda =0. O



Problem 4. Let f, € L?*([0,1]) be a sequence that is bounded in norm || - ||; and f, — 0
a.e.. Show that lim,, . || f.|]1 = 0.
Hint: Use Egoroff and Cauchy-Schwarz.

Proof. By Egoroff’s, choose E C [0, 1] such that m(E) < €* and f,, — 0 uniformly on E*°.
Take N so that for all n > N, |f,| < e. Then,

1 1
/ ]fn\dx:/ ]fn|d:1:—i—/ ]fn\dx</1E|fn]d:v+/ edr < H]lEHngnHQ—{—/ edz.
0 B Be Be 0

Now, ||1g|l2 = Vm(E) < e. Furthermore, ||f,||2 is globally bounded by some constant, M.
Therefore,

1
eelkllfulls+ [ edo < ed+e=e(df +1).
0
Taking ¢ — 0 gives the result. ]

Problem 5. Show that for every f € L'(R), there exists a sequence of continuous functions
gn With compact supports such that lim,, ., ||f — gn|]1 = 0.

The correct technique for this problem is to approximate interval indicator
functions by trapezoids. Then, approximate general functions by linear sums
of interval indicator functions. I am doing it with convolutions to improve my
understanding of convolutions.

Proof. We first do this for integrable simple functions. Let J be some interval [—a, a]. Let
E be a bounded measurable set. Set g = 1;/m(J). We claim that 1g * g is a compactly
supported continuous function. First, we prove it has compact support. Since J, E are
both bounded, then they are contained in some set [—N, N]. Take = ¢ [-2N,2N]|. Then,
|z| > 2N. Fory € J, |x —y| > |z| — |y| = 2N — |y| > N, given that |y| < N. Therefore, if
y € J, then (r —y) € E,J. So, 1g(x —y)g(y) = 0. Hence,

1 % g(z) = / 1o(z — y)g(y) dy = / 0dy =0,

Hence 1 * g is supported on the compact domain [—2N,2N]. We claim that for any e we
may pick J so that ||1g * g — 1g|[1 < e. Now, observe that [ g(y)dy = 1. So,

ey 1ol = [ | 16— y)gto)dy — 15(w)| da
= [| [1st-vswa - [ sse dy‘dx
=[] 16 = 090) - a1 dy\ dr

S // ((Le(z —y) — 1p(2))g(y)| dy da.




Applying Tonelli’s Theorem, we have

U//W@E@—%U—ﬂE@WQ@”@ﬂuzi//me@—%ﬁ—BE@»ﬂWVMdy

_ / |1e(- —vy) — 1g||lg(y) dy

[ e(-—y) = 1glh
= [

The L' norm is continuous under translation. Taking y — 0, we have ||1g(-—y)—1g||; — 0.
Since J = [—a, a] we choose o small enough that, given y € J, then ||1g(- —y) — 1g||; <e.

Therefore,
1e( —y) —1g|h / €
dy< | —=dy=ce.
/J m(E) g m(J)

Therefore, we may choose J such that 1g * (1;/m(J)) is a compactly supported function
within € of 1 in the L' norm. Lastly, we prove that 1z (1;/m(J)) is a continuous function.

So, note that 1g(z — y)1s(y)/m(J) = La—p)ns(y) < Ls(y)/m(J). Hence, for all z,
Lg(x —y)L;(y)/m(J) is bounded by an integrable function in y. Now, take a sequence (z,,)
with z,, — x¢. Then, by DCT,

lim 1 % (1, /m(J))(z,) = lim / (e — 9)1y(y)/m(J) dy

=/imm—ymxmﬁMﬂdy
=1g*(1;/m(J))(xo).

Hence, continuity is obtained. Therefore, measurable indicator functions may be approxi-
mated in the L! norm by a compactly supported continuous function f.

Now, let ¢ be an arbitrary integrable simple function. Then, ¢ is a linear sum of indicator
functions of finite measurable sets. Hence, by triangle inequality of the L' norm, we can
approximate it via a linear sum of compactly supported continuous functions. This function
f is likewise continuous and compactly supported. Since simple functions are dense in L', and
compactly supported continuous functions may be taken arbitrarily close to simple functions,
then compactly supported continuous functions are dense in L', proving the result. O

Problem 6. (Classic) Let f € L'([0,1]). Prove that

lim f(x)|sin(nx)|dz = %/0 f(x)dx

n—oo 0

Hint: Start with the easiest function f first.

Proof. Let f be the characteristic function of an interval. So, we show that

’ 2
lim/ |sin(nz)|de = —
7r

n—oo a



We first integrate a single arc of | sin(nz)| over (0, 7/n). So, making the change of coordinates
y = nz, we observe that y ranges from 0 to 7, and that %dy = dz.

" 2

o/

T/n T/n 1 T 1
/ |sin(nzx)| = / sin(nx) de = —/ sin(y)dy = — (— cos(y)
0 0 nJo n
Since each arc of |sin(nz)| is positive, and |sin(nz)| has a period of (0,7/n), then each arc
has the integral % via translation. We count the minimum and maximum number of arcs of
|sin(nz)| on (a,b) to estimate its integral. So, there are at most |2(b — a)] complete arcs

of |sin(nz)| on (a,b). Two arcs may be partially terminated at the point a or b. Hence, the
total number of arcs is bounded below by [2(b—a)| — 2. So, we estimate

“h—a)=3< |2 —a)| —2< #ofars < |2 —a)| < (b —a)

Say that J,, is the smallest interval on which all full arcs of |sin(nx)| are completed. The
integral value contributed by each arc is % So

2
—(b—a)——< |sin(nz)|dr < —(b— a).
s n In ™

Each arc occures over a length 7 /n interval, so (b — a) — 2* < m(J,) < (b — a). Then,

n

2
—(b—a)— 6 < / |sin(nzx)|dz < /|sin(nx)| dz < / ldz +/ | sin(nz)|dx.
T n I\Jn

n

Therefore,
2 6 b 2
—(b—a)——< |sin(nz)|dz < m(I) —m(J,) + —=(b— a).
T n a T

Taking n — oo, we observe that m(J,) — b — a, so m(I) —m(J,) — 0. Moreover, & — 0.
Therefore,

lim/ |sin(nz)|de = —(b—a) = —/ L(ap) de.
a 0 0

™

By linearity of the integral, if ¢ is a step function, then we obtain

b
lim/ | sin(nz)|pdz = %/(bda:

Now, let f be an arbitrary function. Since the Lebesgue measure is, in particular, a Lebesgue-
Stieltjes measure, then we may approximate f in L' by step functions. So, take ¢ such that
|If = ¢[l1 < e Then,

1 1 1 1
i dz — 1 dz| < — i dr < —¢|dx <
/0 f|sin(nz)) dz / 6| sin(nz)) dz / | — @l sin(na)| de / f—ldr<e

for all n. Therefore,

/Olf(a:)lsin(nx)\dx—%/olfdx < /Ol(f—qﬁ)\sin(nx)\dx

5



+

/01¢|sin(nx)|dx—%/ol¢dx —i—'%/olqb—fdx

/01¢|sin(na:)|dx—%/ol¢dx

Taking n — oo shows that we may take fol flsin(nz)| dz to be within 2¢ 4 27 of fol f da for
all €, giving the result. O]

So,

2
<e+ —€e+ )
T

/01 F(@)|sin(nz)| dz — %/Olfdx




